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Abstract:

This note applies the Hotelling line model with a non-uniform distribution of consumers. Instead, a
linear decreasing density is used to represent declining population density as distance from a
metropolitan area increases along a transportation corridor. Entry is sequential, and the number of
firms is assumed to be endogenous after the initial firm is located, leading entrants to consider the
possibility of subsequent entry. Firms entering the market exhibit neither maximum nor minimum
differentiation. Earlier entrants generally locate closer to the population center, with the possible
exception of the equilibrium location nearest to the densest point on the line. Product
differentiation increases as firms are located farther from the population center.
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Introduction

Firms do not necessarily locate in metropolitan areas, but sometimes locate
near them. As firms locate closer to the metropolitan area, the number of
potential consumers increases, but so will the competition from other firms.
Entrants, therefore, will want to balance the increase in the closeness of
potential consumers with the expected increase in the closeness of other firms.
This paper will use a modified Hotelling’s line model (Hotelling, 1929) to
examine entrants’ behavior when the population density decreases as the firm
locates farther from the population center, as might occur along a
transportation artery.

There has been a great deal of work on the location/product differentiation
framework proposed by Hotelling, and there have been many extensions (for a
summary, see Biscala and Mota, 2013). For one relevant example, Prescott
and Visscher (1977) introduced sequential entry. They found multiple
equilibria, but these included equal spacing of three firms with the early
entrants located outside the last entrant. Neven (1987) later allowed sequential
entry, finding that early entrants will locate systematically around the center.
However, that work assumed a uniform distribution of consumers and quadratic
transportation costs.

Usually, the consumers in the Hotelling line model are assumed to be
distributed uniformly. A few papers, however, have examined non-uniform
consumer distributions. Shilony (1981) and Azar (2015) looked at duopolists’
given locations, and examined the price competition. Others (Neven, 1986;
Tabuchi and Thisse, 1995; Anderson, Goeree, and Ramer, 1997; and Meagher,
Teo, and Wang, 2008) looked at locations, but examined duopolists and
simultaneous entry. Calvé-Armengol and Zenou (2002) considered more than
two firms, but an exogenously given number and still simultaneous entry. Their
work also utilized a circular location model. Loertscher and Muehlheusser
(2011) is one of the few to consider endogenous entry with non-uniform
consumer distributions. The current paper uses a particular, asymmetric
distribution, but allows an endogenous number of firms to enter sequentially. It
is concerned with the location pattern and the sequence of entry of the firms.

Model
Consumers are distributed over a linear space, [0,a/pB], with density given by
the function d = a - Bx, where x is the location of the consumer. Each

consumer buys a quantity of one at the exogenously given price and will
minimize transportation costs by purchasing from the closest firm. Formally, a
utility-maximizing consumer at location x who is buying from a firm at location,
Xi, will have a utility of

_(s=P+tlx—x]Qif Q =1;and
(1) Uxx) = { 0 otherwise,
where s is the consumer’s reservation price, P is the mill price, and t is the
coefficient yielding a linear transportation cost. Following the literature, the
reservation price, s, is assumed high enough that all consumers will buy. Since
the delivered price (the mill price plus the transportation cost) is positive, the
consumer will not choose a Q greater than one.
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Profit-maximizing firms locate sequentially along the space. The number of
firms is endogenous. Firm 0 is assumed to have entered at location xo, = 0
before the game begins. For simplicity, assume all costs of production are
zero, but there is a cost of entry, F. Without loss of generality, the firms are
assumed to have a common price of P = 1. After all firms have located, the
consumers purchase from the firms. Because of the common price, the lowest
delivered price a consumer faces is from the closest firm regardless of the
value of t. This greatly eases computations since Q = 1 for each consumer, P =
1, and t does not affect the decisions of the firms or the consumers.

Define the subscripts for the locations, {x1, X2, ..., Xy}, such that x; € x, < ...<
Xn. An interior firm located at x; would have profits given by

xXitXipq

(2)  my, = fo 0y (@ = Bx)dx — F.

2

Since the density function is linear, this space is a trapezoid, and the profits
can also be written as

(3) Ty, = (%) (2 (o8 —%(le + x4+ xi—l)) —F.

For ease of exposition, it might be easier to look separately at the revenue
from the consumers to the firm’s left and the revenue from the consumers to
the firm’s right. These revenues are denoted as the “left revenue” (LR) and the
“right revenue” (RR). These revenues would be given by

(4) LRy, = fiil (@ — Bx)dx

2

or (since it, too, is a trapezoid)

(5) LR, = (%) (2 « —’21(3xi + xi_l)),
for the left revenue, and
XitXi4q
(6) RR,, = fx. 2 (a— px)dx
or (since it, too, is a trapezoid)

()RR, = (222) (20 = £ 3+ 3140)),

for the right revenue (as in Figure 1).
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Figure 1: Left Revenue and Right Revenue for Firm i
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Results

Xi+1

Locations

The equilibrium set of locations is such that the right revenue of each firm is
exactly equal to the cost of entry, F. In other words, each firm is located so
that it would not be profitable for an N+1'" firm to locate to its right.

Proposition 1: The equilibrium is {x;,x,,...,xy} such that:

(8)  RRq, = (5)(5—xn) Gow = Bxa) = F;

(9) RR,,_, = ("’“4&) (2 o =2 By + xN)) = F:

and so on until

X2—X1

(10) RR, = (&

)(20(—%(3x1+x2)) = F; and

(11) RR,, = ("14;"0) (2 o<~ (3xy + x1)> <F.

Proof:

The equilibrium must contain firms located at these points.
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If RRxy > F, then there exists a location xy+1 = Xyt € such that RRyxny+: = F and
LRxn+1 > 0. Therefore, it is not an equilibrium for the firm farthest to the right
to locate at that location, xy.

If RRyn < F, then there are two possibilities for the firm’s total revenues
(TRxn): TRxn < F or TRyny = F. First, if TRxy < F, then it is not an equilibrium
for the firm to have entered at all. If TRxy 2 F (and RRyxy < F), then LRxy > 0. If
the firm instead chooses location Xy = Xy — € so that RRyn' < F and xy > Xn-1,
then TRyn: > TRxn. The firm could gain consumers by moving to the left. Thus, it
cannot be an equilibrium for RRyy < F.

Therefore, RRyy = F, and equation (8) holds.

Similarly, if RRxn.1 > F, then a location, xy:, exists so that a firm could locate
where x N1 < Xnv' < XN, and RRxny: = F and LRxyn: > 0. Thus, it is not an
equilibrium for the firm second from the right to locate so that RRyn.1 > F.

If, on the other hand, RRxn.1 < F, then either TRxn.1: < F or TRyxn.1 2 F.
However, TRxn.1 < F cannot be an equilibrium location since not entering would
be preferred. If TRxn.1 2 F and RRyxn.1 < F, Then LRyy.1 > 0. If the firm locates
at Xy.1' = Xn.1 — €, where RRyn.1 £ F, but TRyn.1- > TRxn.1. Since the density of
the consumers is linear and decreasing as we move away from location zero, a
movement to the left will not change the width of the firm’s market share. It will
change the height, however — increasing the total revenue with a movement to
the left.

Therefore, RRyn.1 = F, and equation (9) holds.

Similarly, for all firms, the right revenue must equal F. Also, however, no N+1"
firm could profitably enter. Therefore, equation (11) must also hold. =

These locations constitute the Nash Equilibrium, regardless of which firm
locates at which location. There is neither maximum nor minimum
differentiation. When the parameters are such that only one firm enters, it does
not locate at zero (where the incumbent is located), nor at the opposite
endpoint. With more entrants, the firms are relatively evenly spaced, except
that the distance between firms does increase as the firms locate farther from
the left endpoint.

As noted by Loerscher and Muehlheusser (2011), the equilibrium locations are
independent of the sequence of location selection. Consequently, as firms
enter, they will choose the most profitable of the equilibrium locations that is
not yet taken. For the subgame-perfect equilibrium, the firms will generally
select the equilibrium location farthest to the left, with the possible exception
of the location nearest to Firm O.

Define the equilibrium locations {x*, x?, ..., x"}, such that n(x*) > n(x?) > ...= n(
xV). Notice that {x*, x?, ..., x"} is not necessarily the same as {xi1, X, ..., Xx}. It
is easy to show that for any two firm locations except for the one nearest to
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Firm 0O, the firm on the left will have higher profits. The firm location nearest to
Firm 0 might yield profits approaching zero (if it is located very near location
zero, implying the left revenue is close to zero), but it might also yield higher
profits than any other location, depending on the parameters, a, B, and F.

The first firm will choose to locate at the location farthest to the left or the
second to the left. The next firm will then locate either farthest to the left (if it
is still available) or at the next equilibrium location to the right of the first firm.
Each succeeding firm locates at either the location farthest to the left (if it is
still available) or the next equilibrium location to the right of the firms before it.

Therefore, there isn’t the minimum differentiation of Hotelling (1929) or
Xefteris (2013), nor the maximum differentiation of d’Aspremont et al. (1979),
and especially not the more-than-maximum differentiation of Harter (1996). The
spacing of the firms is not equal (as assumed by Calvé-Armengol and Zenou,
2002). Also, unlike Neven (1987), the earlier firms tend to locate to the left
instead of near the center of the space. This is intuitive since the density of
consumers is greatest on the left instead of constant.

These results mirror those of Loertscher and Muehlheusser (2011), where they
point out that lower costs of entry induce more firms to enter, that firms locate
closer together when consumer preferences are more dense, and that profits
tend to be higher in those areas where consumer preferences are more dense.
All three of those results hold here.

Proposition 2: The unique subgame-perfect equilibrium is for the firms to
choose the equilibrium locations such that Firm i selects x', for all i.

There is, therefore, a first-mover advantage as each firm selects the location
which yields the highest level of profits of those remaining.

Example

As an example, and to demonstrate the equilibrium, let a = 100, B = 2, and F =
225. For these parameters, the equilibrium locations are given in Table 1
below (rounded to two decimal places).

Table 1: Locations and Profits when a = 100 B = 2, and F = 225

Locations | Profits | Sequence
X1 1.48 72.48 x°
X 6.24 213.70 x*
X3 11.54 210.95 x2
X4 17.63 206.45 x>
Xs 25.00 197.84 x*
Xo 35.00 175.00 x°

Notice that the distance between locations increases to the right. Each firm is
locating so that its right revenue is exactly equal to the cost of entry, F.
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Because the density of consumers is lower for firms located to the right, they
can block off a larger width. Consequently, the sixth location attracts all
consumers from the location 35 to the location 50 for its right revenue. The
first location, however, is only able to deter entry from its location (1.48) to the
midpoint between it and the next firm (3.86) for its right revenue.

Notice also that the profits are generally decreasing to the right, except for x;.
Since each firm is located so that its right revenue is equal to the cost of
entering, F, its profits is simply its left revenue. The location to the left, X,
might be far enough from 0 that its profits are higher than any other location.
Alternatively, the profits arising from the location, x;, might be very close to
zero. In other words, for o« > 0, 3 >0, and F > 0, 0 < n(x;) < F.

In the subgame perfect equilibrium for these parameters, the first entrant will
choose the location x' = 6.24 (= x,), the second entrant will choose x? = 11.54
(= x3), and so on. The sixth entrant will select location x°® = 1.48 (= x,).

If, however, we change only the cost of entry so that o« = 100, B = 2, and F =
202, then the location closest to x = 0 is not the least profitable.

Table 2: Locations and Profits when a =100 B = 2, and F = 202

Locations | Profits | Sequence
X1 4.03 189.29 x3
X2 8.53 191.86 x*
X3 13.56 189.38 x2
X4 19.33 185.35 x*
Xs 26.31 177.62 x°
Xe 35.79 157.11 x°

With these costs to entry (F = 202), the location farthest to the right must be
slightly to the right of where it would be when F = 225. This occurs in order to
prevent further entry to the right of location, xs. Each of the locations is
slightly to the right with the lower entry cost. This increases the distance
between X, and x;. While it is not sufficient to allow a seventh entrant (as
would occur if F = 200), this does increase the profits of the firm locating at x;.
Consequently, x; is no longer the least-profitable equilibrium location, and
would be selected by the third entrant.

Social Welfare

Social welfare is problematic in this model. For a given number of firms, a
social planner would wish to minimize the deadweight loss due to
transportation. So, for example, for two firms, the deadweight loss would be

0
x1)dx + f(?l_xZ)/z(a — Bx)(x; —x)dx + f:z/ﬁ(a — Bx)(x — xp)dx.

(12) DWL = fxl/z(a — Bx)(x — 0)dx + fxxf/z(a — Bx)(x; — x)dx + fx(flerZ)/Z(a — Bx)(x —
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The social planner would also have to take into account the cost of entry, F. If
the decrease in deadweight loss from having a third firm would exceed the
additional cost of entry, then the social planner would want a third firm.
Unfortunately, the firms do not consider the transportation costs, but do
consider the cost of entry.

As an example, using some of the variables from the example above, when a =
100, B = 2, and there is only one firm, the socially optimal location would be at
x1 = 25. However, the single firm would only locate there if the right revenue is
equal to the cost of entry, which in this case would be F = 625. In that case,
the cost of entry, F, is not high enough to deter a second firm from entering.
The only way to have a single firm entering, we would need a higher cost of
entry, but then the firm would move to the left of the socially-optimal location.

With the uniform distribution of consumers, the cost of entry, F, can be chosen
to maximize total welfare. However, that it not possible with non-uniform
distributions, such as in this paper (Loertscher and Muehlheusser, 2011).

Conclusions

Most work on locations in the Hotelling’s line literature assumes a uniform
distribution of consumers. This seems unrealistic for some situations, however,
as population generally decreases as transportation arteries leave a
metropolitan area. Those works that do not have a uniform distribution usually
examine a fixed number of entrants and simultaneous entry. This note looks at
the equilibrium when the population density is decreasing at a constant rate
away from the population center and the firms enter sequentially. Entrants into
this market have neither maximum nor minimum differentiation. The
differentiation increases as the firms are farther from the population center.
Earlier entrants tend to locate closer to the population center as long as they
do not locate too close to the existing firm in the city.

A natural extension to the note is to add price competition, if possible.
Discount shopping malls have long located outside of the main population
centers. It would be interesting to see if this might result from price
competition. Mostly, closer firms actually have higher profits than the firms that
are more spread out because the density of consumers is much higher.
Endogenizing price could well change that as the closer firms would be more
competitive over price.

Many authors have extended the Hotelling’s line model by using a location-
price game where the firms locate, then compete in prices. This can change
the location from Hotelling’s minimum-differentiation result in duopoly because
firms producing identical products would essentially be engaging in Bertrand
competition with its resulting low profits (d’Aspremont et al, 1979). However,
d’Aspremont et al. needed to change the transportation costs for an equilibrium
in the location-price game to exist. Xefteris (2013) did retain the minimum-
differentiation result, but by assuming, in part, an infinite reservation price on
the part of the consumers. Montes-Rojas (2015) looked at, essentially, an
endogenous number of entrants, but assumed an infinite width to the
distribution of consumers. Others have noted the difficulty with ensuring an
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equilibrium exists as the number of firms increases beyond two (e.g.,
Economides, 1993, or Brenner, 2005). Loertscher and Muehlheusser (2011)
and Hong (1990) give many examples, however, where the firms would not
compete using price. For instance, media markets often have low or even zero
prices, but the firms earn profits from advertising, which is based on market
share. Alternatively, there could be governmental price controls. Thus, it is
useful to examine the location strategies without price competition separately
from any effect the price competition would exert on those location strategies.

Alternatively, locating outside the population center might result from a non-
constant cost of location, as introduced by Hinloopen and Martin (2017). Their
work, however, only looked at duopoly and used a distribution of costs which
does not fit this model.
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